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1 Introduction 



For g, p G L^, p > a.e., and p > 1, consider the eigenvalue problem for p-Laplacian 

^y'(p-i)y = _ i^^xpix) - q{x))y^^-'^ , (1) 
with the Dirichlet boundary conditions 

1/(0) = y{7i) = . (2) 

For p = 2, ([I]) is reduced to Schrodinger equation y" = —(A — q{x))y when p = 1, while ^ is 
reduced to the string equation y" = —\p{x)y when q = 0. 
Denote by sinp(a;) the solution of 

(^'(p-i)y = _(p_l)^b-i) , 
^ y{0) = , y'{0) = 1 . 
Then we have 

|sinp(x)|^' + |sin;(x)|P = l . (4) 

Here, sinp(x) is called a general sine function. In [7], Elbert discussed the analogies between sinp(a;) 
and sinx. For example, he showed that w = w{x) = sinp(x) is the inverse function of the below 
integral 

X = r , tor < w < 1 , 



'0 {l-tP)p 

_ TV 



and sin„(a;) = 1 at a; = f = — ^^t- = — rr- Furthermore, defining 



sinp(7r — x) , if f < a; < tt , 
— sinp(a; — vr) , if if < x < 2fc , 
sinp(x — 2n7r) , for n = ±1, ±2, ■ ■ ■ , 

he obtained a sine-like function. Note that fc is the first zero of sinp(a;). 

Recently, there have been a number of studies on the optimal estimates of eigenvalues, eigenvalue 
gaps and eigenvalue ratios for eigenvalue problem ~y" + q{x)y = \p{x)y [131 E El El ISl El- It 
was proved that, for Schrodinger equation —y" + q{x)y = \y, the constant potential function gives 



the minimum Dirichlet eigenvalue gaps A2 — Ai when the potential function q is assumed to be 
convex [T3], symmetric single- well [2] or single- well [9], while under some additional conditions, 
the symmetric 1-step function is the potential function in E[h^ H, M] giving the minimal Dirichlet 
eigenvalue gap [6]. On the other hand, it is known that, for the string equation —y" = Xp{x)y, 
the constant density function gives the minimum Dirichlet eigenvalue ratio ^ when the density 
function p is assumed to be concave, symmetric single-barrier or single-barrier [9], while the 
symmetric 1-step function is the density in E[h, H, M] giving the minimum Dirichlet eigenvalue 
ratio [13|, see also [15]. These results are called "duahty results". In particular, Ashbaugh and 
Benguria in 1989 found the optimal bound of the eigenvalue ratio A„/Ai for Schrodinger equation 
with nonnegative potentials [3], and this result was extended by Huang and Law for general Sturm- 
Liouville problems [12]. It shall be mentioned that Huang in 2007 discuss the eigenvalue gap for 
vibrating string with symmetric single- well densities [TT]. Here, the function V is called a single- well 
function with the transition point a if V{x) is decreasing in [0, a] and increasing in [a, vr] while V is 
called a single-barrier function if —V is a single-well function. 

In this paper, we will generalize the results of the Dirichlet eigenvalue gap for Schrodinger 
equation and eigenvalue ratio for string equation in [ini [9] to p-Laplacian. We obtain the following 
results. 

Theorem 1.1. Consider the eigenvalue problem for p-Laplacian ^\)-^ with p = l. 
If q is single-well with a transition point at |, then 

A2 - Ai > 2^' - 1 . 

The equality holds if and only if q is constant. Furthermore, if the transition point a ^ ^, then 
there is a single-well potential such that A2 — Ai < 2^ — 1 . 

Theorem 1.2. Consider the eigenvalue problem for p-Laplacian with q = 0. 

(a) If p is single-barrier density with a transition point at |, then 

/il 
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The equality holds if and only if p is constant. Furthermore, if the transition point a 7^ |, 
then there is a single-barrier density such that ^ < 2^. 

(h) If p is a symmetric single-well density with a transition point at |, then 

pi 

The equality holds if and only if p{x) is a constant a.e.. 



2 Preliminaries 

As in Binding and Drabek the eigenvalues A^, form a strictly increasing sequence as 

Ai[p, q] < A2[p, q] < A3[p, g] < ■ ■ ■ , (5) 

and accumulating at 00. The ra-th eigenfunction has n — 1 zeros in (0, tt). 

Let ?/„(x) = y{x, A„) be the n-th normalized eigenfunction of ([I])-© satisfying ^ p{x)\y{x)\^dx = 
1. We may assume > initially and let Xq be the zero of y2{x). In order to compare the 

behaviors of yi and y2, we introduce a Priifer-type substitution. Let 

Unix) = r{x) smp{(f)nix)) , y'„{x) = r{x) sinp(0„(x)) . 

Denote by tan^fx) = ^^^tt^ and cotr,(x) = ^^^iM the generalized tangent and cotangent functions 
respectively. Since 



d sin^fx 

cot„uc 



^ ' dx^YHyix) 



smpi^x ) 



sinp(x) 



p-2 



- |cotp(x)p = -(1 + |tanp(a;)|P)|cotp(x)p 



the function cotp(x) is strictly decreasing on (0,7r). This implies 

— = 2 = ^ = — COtp 02 X - COtp (/)i X 

yi yi yt 1/2 yi yi 

After the Priifer substitution, we obtain 



0n = I sinp(0„)|P + (A„p(x) - g(x))| sinp(0„)|P. 
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By Comparison theorem [5], we have (j)2{x) > on (0,Xo) and, hence, (|^)' < on (0,Xo). This 

imphes ^ is strictly decreasing on (0,Xo). Furthermore, yi and y2 has at most one intersection 
point in (0,Xo). Similarly, yi and — ?/2 has at most one intersection point in (xo,vr). Hence we have 
the following lemma. 

Lemma 2.1. Consider the eigenvalue problem for p-Laplacian Then \yi{x)\ = \y2{x)\ have 

at most two intersection points on (0,7r). 

Let p{x,t) and q{x,t) be one-parameter family of piecewise continuous functions such that 
and -^q exist. Denote by {(A„(t), ?/„(a;, t))}„>i the n-th normalized eigenpair. The following lemma 
is an extension for the case p = 2 in [13] (see also [HI ID]). The proof will be given in appendix. 

Lemma 2.2. 

d r d r d 

^A„(t) = y —q{x,t)\yr,{x,t)\fdx-XnJ —p{x,t)\yn{x,t)\Pdx. (6) 



Following from Lemma 12.21 we have 



1. If p = 1, we have 



d r da 

- (A„(t) - A™(t)) = ^(x,t)(|2/„(a;,t)|f-|2/„(x,t)nc/a; 



2. If g = 0, we have 



dt \Xmit) J Xm(t) Jq dt 

Next, Lemma [2.31 will be used to proof the eigenvalue gap (Theorem I l.ip while Lemma [2.41 will 
be used to proof the eigenvalue ratio (Theorem II. 2p . 

Lemma 2.3. Denote f{t) = fp cotp(tp|). Let t^ he the n-th solution of f{t) = —f{t — m) where 
m > 0. Then 

- ti > 2^ - 1 . 
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Proof. Note that, according graph analysis, ti e (1, min{l + m, 2^}) for m > 0. For m > 3** — 1, we 
have t2 > 3^ and hence 

t2-ti>3P-2P>2P-l. 



So we only need to consider < m < 3^ — 1. In this case, t2 G (2^, min{2^ + m, 3^}). 



1. Assume t >0. By the definition, we have f{t) = fp cotp(tp|), 

fit) = P cotp(tp-)-tp(l + |tanp(tp-)ncot2(tp-).-i . - 

- Vw-4(i+iw^4)ni/wi' 



pr ' ' 2pt 

1- 



2p|sinp(tp^^l2 



(2sinp(i.-)sin;(i.-) -i.7r|sin;(i.-)|2-^') . 



If sm'p{tp I) > 0, in this case tp e (0, 1) and (4n — 1, 4n + 1) for n > 1, then 

2sinp(ti|)sin;(ti|)-ti7r|sin;(ti|)|2-f = sin;(t? |)(2sinp(ti^) - t^Trl sin;(ti|)|i-f) , 

< sinp(ip-)(2sinp(ip-) -iPTT) , 

= sin;(^'^)^W- 

1 , 1 

Since ^(0) = 0,^((4n - 1)p) and = ^^(sin^(tpf) - 1) < for tp e (0, 1) and (4n - 
l,4n + > 1, we have g{t) < for e (0, 1) and (4n — l,4n + > 1 and hence 

f'{t) < for e (0, 1) and (4n - 1, 4n + 1), n > 1,. 

Similarly, if sinp(ip|) < 0, in this case tp e {An — 3, 4n — 1) for n > 1, then 

2smp(i?-)sm;(i?-)-i?7r|sm;(i?-)|2-f = sm;(i?-)(2smp(ip-) + iP7r| sm;(ip-)|^-^') , 

< sinp(ti^)(2sinp(ti^) +tP7r) , 

1 - 

Since h{0) = 0, /i((4n - 3)^') > and h'{t) = ^^(sin^(ipf ) + 1) > 0, we have h{t) > for 
tp e (4n - 3, 4n - 1), n > 1 and hence f'{t) < for tp e (4n - 3, 4n - 1), n > 1. 
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2. Assume t < 0. Define by w — w{x) — sinhp(2;) the inverse function of the integral x — 



Jc 







T- We call sinhp(a;) the generalized hyperbolic sine function. It is easy to show 



that sinhp(x) = (—1) p sm.p{{—l) p x) and sinhp(x) = sinp((— l)px) where (— l)*" = e'"*/^. 
Furthermore, 



sinh^(a;) — sinh!^(a;) 



and then sinhp(a;) 



Let t = —t. Since 



sinhp ^ {x) 
sinhjf ~^(a;) 



ITT, 



2 sin^((-l)^i^f) 



.1 sinhp (tp I' 



sinhp (fp I) 



we have 

fit) 



1 .i-p sinh^tpf ) .1 ^ 1 .i-p^TT sinh;'(£p|) sinh„(tpf ) - sinh;2(ii;|) 

—t~ — ^ , ^ +tp( — 1~) — ^ — — — - — y- ^- — — 

P sinhp(fpf) P 2 sinhj(£p|) 



-H p 
p 

sinhj(tpf) 

-it p 
p 

sinhj(£pf) 
^ p 



sinh^(ip-) sinhp(ip-) + -iF 



TT, TT^i / sinh!^(tp|) 



1 7r, 



sinhp (£p ^) sinhp (f 



2' 2 \^sinh;^-20|^ 



sinh;'^(iF- 



-t? sinh;'-P(tp- 



(7) 



sinh^(iFf) 

Using similar argument as step 1, we can show g{t) > and hence f'{t) < for all t < 0. 



3. If fit) = -fit - m), then = -fit - m)(£ - 1) and 

dt _ fit - m) 
dm fit) + fit- m) 

If we can show /'(i2 — m) < /'(i2) and /'(ti — m) > /'(ii), then 



dti _ 

~ fiti) + fih - m) ^ fit2) + fit2 - m) 
Hence x"(^2 — ti)im) > for all m > 0. Furthermore 



dt2 
dm 



it2 - ti)im) > lim (^2 - ti)im) = 2^ - 1 . 

m->0+ 



7 



4. First, note that t2> m and f{t2) > for m < 3^ — 1. Since /(t2) = —fih — ^) and 

fit) = ^(/(t)-^(l + |tan,(ti|)ni/(t)P) 

pt 2pt \f{t)\P 

we have 

p t2-m t2 2p t2 \f{h)r h-m \f{t2)r 



(2t2-m)/(t2) mn\fit2)\ 



2 



pt2{t2-m) 2pt2{t2-m) 

< . 



5. Note f{ti) < for m > 0, and ti — m>l — m>Oifm<l. Since 
we have 



fih-m) 



pti 2pti 2p ' 

/(to 7r|/(tOP ^l/(tOp-^ 



p{ti — m) 2p{ti — m) 2p 



and hence 



/(to + = _ < 



2p pti 2pt 



2p p(ti — m) 2p[ti — m) p(ti — m) 2 

Since LHS in ([8]) is finite for < m < 3^ — 1, ti is increasing in m, and /(t) is decreasing in 
t, there exists unique m* such that 

ti(mO-m*=0, l + ^/(ti(m*)) =0 . 

Hence, 

ti(m)-m>0, 1 + f/(ti(m)) > on(0,mO, 
ti(m)-m<0, 1 + f/(ti(m)) < on (m*, 3^-1). 
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Furthermore, 



This imphes 



^ ' 2p p{ti - m) 2p{ti - m) 



2p 



Lemma 2.4. Let Si and S2 be the first two zeros ofmtanpS — — tanp(sm) for m > 1. Then 

si(m) 

Proof. To do this, we claim that 

d S2{m) S2{m)si{m) — S2{m)s'i{m) 



dmsi{m) s\{m) 
We first observe that, if mtaiipS = — tanp(sm), then 



> . 



tarip s + m (1 + I tarip sV') -f^ = — (1 + I tanp(sm)|^) is + m-f^ ) , 

dm \ dm J 



or equivalently 



Hence 



where 



and 



ds 



tanp s + s(l + 


tanp(sm)^) 


m(l + 


taup s P + 1 + 


tanp(sm)|P) 



I / \ ( \ ( \ I ( \ F{m, Si, 82) 
S2{m)si[m) — S2{m)Si[m) 



mF{si)F{s2) 
F(s) = 1 + 1 taup + 1 + I tanp(sm) 1^ , 



F(to, Si, S2) = S2(tanpSi + + | tanp(sim)|^))(l + | tanpS2|^ + 1 + 1 tanp(s2"T.)|^) 

-Si(tanpS2 + 52(1 + I tanp(s2m)|^))(l + | tan^si]^ + 1 + 1 tanp(sim)|^) 

= (taUpSi - + I tanpSi|^))(tanpS2 + S2(l + | tanp(s2"T.)|^)) 
-(tanpS2 - ^2(1 + I tanp S2 1^)) (tanp si + si{l + \ tanp(sim)|^)) 

= (taup si — + I taup si|^))(tanp S2 + S2(l + tti^I taup S2|^)) 
— (tanp S2 — 82(1 + I tanp S2|^))(tanp si + Si(l + m^\ tanp . 



The last equality is because mtaup Si — — tanp(sjm), i = 1, 2. Define 

gi{s) — tarip s — s(l + I tarip , 
512(5) = taiip s + s(l + m^l taiip . 

Note that g2{s) > for s G (0,7r). Denote by G{s) = gj^. Since 

lims^oG(s) = , lims_y^ G{s) = -1 , 
G{s) = lim^^i- G{s) = , 

the function G{s) is well-defined on [0,7r]. 

1. For m > 3, we have si,S2 G (0, |). If we can show G{s) is decreasing on (0, |), then 



^ > ^ and hence 

32 (Sl) 92(32) 

d S2{m) 



> 



dm si(m) 

Since, when m — >■ 3+, t2{m) —?■ | and ti G (|, j), we have, for m > 3, 

^> hm £44>?7^-2. 
Si{m) m-)-3+ Si(m) 7r/4 

Now, for s G (0, 1), we have tan^s > and 
9[{s)92{s) -9i{s)g2{s) 

— m^l taup + I taup + (1 — p) taup s) — \ tan^ 

+ (1 + I tanp s\^) [s(2 + (1 — p)| tanp — ps\ tanp s]^^-^) — tanp s] — tanp s 
= mP\ tanp s\p-^Gi{s) + ^2(5) . 

(1) Since ^2(0) = and, for s G (0, f ), 

^2('5) = p(l + I tanps|^)| tanps|^~^[| tanps|^s((l — p) tanpS — ps) 
— p| taup + (1 — p)s{l + I taup s|^)(tanp s + s)] 
< 0, 

we have G2{s) < for s G (0, |). 
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(2) For s e (0, f ), we have Gi(0) = 0, 

G[{s) = (l + |tanj,s|*') [(l+p)(s-tanps) + s|tanps|*'-^(p2s + (l 
= (1+ ItanpsnG'i(s) , 

and 61(0) = 0, 

^li^) — I tanp p(l + p)| tanp + tanp s(l + 2p — p^) 

+{p — l)s\ taxip sf{p'^s — p{l + p) tanp s) + {p — 

< I tenip s\^^'^[—p{l + p)s tanp s + ps tan^ s(l + 2p — p^) 
+{p — l)s\ tanp s\^{p'^s — p{l + p) tanp s) + {p — 

= p{p — l)s\ tanp [p(s — tanp s) + p\ tanp — tanp s) 

< . 

Hence Gi{s) < on (0, f). 

This imphes g'i{s)g2{s) — gi{s)g'2{s) < on (0, |). Furthermore, 

N ^ 9'i{s)g2{s) - gi{s)g'2{s) ^ ^ 

That is G{s) is decreasing on (0, |). 
2. For m < 3, we have S2 £ (f ^tt)) tanpS2 < and 



p^)tanps)] 



tanps|f+^] 



gi{s2) tanpS2 - ^2(1 + | tanpS2|^) 



1 



5(2(52) tanpS2 + 52(1 + '^^l tanpS2|^') 



since 



> m^(tanp S2 — 52(1 + | tanp S2|^)) + tanpS2 + 82(1 + rrf\ tanp S2I*') 



{rrf + 1) tanp S2 + (1 - m^)s2 , 



is a tautology. Hence 



92(82) 




92{si) ' 
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or equivalently F{m, si, S2) > 0. This implies ^ > for m < 3. Furthermore 

> hm 



Si(m) m^i+ Si(m) 7r/2 

□ 



3 Proof of Main Theorem 

Proof of Theorem \l.l[ For M > 0, denote 

TT 

= {0 < q{x) < M : g is single-well with a transition point at — }. 

2 

Let E[q] = (A2 — Ai)[g]. Then E[q] is bounded on Am and, hence, attains its minimum at 
some qo in Am- For G A^, define by t) = tg(x) + (1 — t)qQ{x) the one-parameter family of 
potentials , where < t < 1. 

By Lemma \2.1\ there exist < x_ < xq < x+ < vr, such that y2{xo, 0) = and 



|y2(x,0)r-|yi(x,0)| 



p 



1. Assume a;_ < | < a;+. Let 



q{x) 



> on (0,a;_) U (a;+,7r) 
< on x+) . 

go(a;_) on (0, f ) , 
qo{x+) on (f,7r) . 



By the optimality of qo, we have, using Lemma [2.21 

< ^(X2{t) - Ai(t)) = r(g(x) - go(^))(l2/2(x, 0)^ - \yi{x, 0)\ndx < 







dt 

This implies go = Q^x). 
2. Assume | < a;_ (the case for a;+ < | is similar). Let 



q{x) 



on (0, x_ 



M on vr) 
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Since i/nix, 0) is normalized, we have 

r{\y2{x,0)\^-\y,{x,0)ndx > 0, 
Jo 

[ {\y2ix,0)\P-\y,ix,0)ndx < 0. 

J X- 

By the optimahty of qo, we have 

< |(A2W-Ai(i)) = ^''(g(x)-?o(x))(|y2(x,0)|^'-|yi(x,0)ndx 
< . 

The only possibility is qq — q. But in this case, the second eigenfunction can be expressed by 



y2{x) 



csinp(A|a;) on (0, |) , 

dsmp{{X2 - M)p{'k - x)) on (|,7r) . 



1 . 



Since | < x_ < < x+, we have A|| < tt and (A2 — M)p^ > n. Furthermore, 

(A2 - M)p > A| . 
This is impossible and hence this case is refused. 
By above discussion, we may assume 

Jm on (0,1), 
Qo{x) = < 

( Oon (f,7r) . 

In this case, the eigenfunction corresponding to the eigenvalue A can be expressed as 



y[x) 



csinp(Apx) on (0, |) , 



dsinp((A — m)p{'K — x)) on (|, tt) . 

Here, A is an eigenvalue if A is a solution of 

\psmp{\p^) (A — m)p sinp((A — m)p I) 
sinp(Ap|) sinp((A — m)p|) 
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or equivalently 



Xp cotp(Ap— ) = —(A — m)p cotp((A — m)p—) . 



By Lemma [231 we obtain the eigenvalue gap A2 — Ai > 2^ — 1 and the equahty holds if and only if 
q is constant. 

Finally, we assume 



for < a - I << 1. Furthermore, for small t > 0, we have (A2 - Ai)(t) < (A2 - Ai)(0) = 2^-1. □ 
Proof of Theorem M.B. Part (a). For M > 1, denote 

1 TT 

Am = {— < p{x) < M : p is single-barrier with a transition point at — }. 

Let R[q] = j^[q]- Then R[q] is bounded on A]\j and, hence, R[q] attains its minimum at some po iii 
Am- For p{x) E Am, define p{x,t) = tp{x) + (1 — t)po{x) be the one-parameter family of densities, 
where < t < 1. Similar to the proof of Theorem II. it can be showed that the optimal po niust 
have the form 



for some L > 1. W.L.O.G., we only discuss the first case. In this case, the eigenfunction corre- 
sponding to the eigenvalue p can be expressed as 




fort> 0. Then|/i(a;,0) = (f )F sin^ x, i/2(x, 0) = (f )i sinp(2x) and {\y2ix,0)\P-\yiix,0)\P)dx = 0. 



Hence 






Here, p is an eigenvalue if p is a solution of 



ppsin'pipp^) {pL)p sm'p{{pL)p^) 



sinp(pp|) sinp((pL)f|) 



14 



or equivalently 




Let m = Lp and s = /i^'f . Then we obtain 



m tanp s = — tanp(sm) . 



By Lemma 12.41 we obtain the eigenvalue ratio ^ > 2^ and the equahty holds if and only if p is 
constant. 

Finally, we assume 



1 1 n_ 

fort > 1. Then?/i(a;, 1) = (f )p sin^ x, ?/2(a;, 1) = (f)^ sinp(2x) and J^''{\yi{x, l)\P-\y2ix, l)\P)dx = 0. 



for < I - a << L Furthermore, for small t > 0, we have {j^)(t) < = 2^. 

Part (b). We give an alternative proof with respect to part (a). Consider the one-parameter family 
of densities p{x,t) = tp{x) + (1 — t)e, where < t < 1 and e is a positive constant. Denote by 
{pnit), yn{x, t)} the n-th normalized eigenpair corresponding to the density p{x, t). By Lemma [2?T1 
there are points x±{t) with 




Hence 




< X-(t) < - < < TT, X-(t) + X+(t) 



= TT 



such that 




(10) 



Now, we claim that 



] < for < t < 1. 



From Lemma [2.11 we have 
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Since p{x) is a symmetric single-well density, we obtain 



p{x)[\yi{x,t)\^-\y2{x,t)\P]dx = / p{x)[\y,{x,t)\^ - \y2{x,t)\P]dx 

J iO,x-(t))U(x+{t),a) 
rx+it) 

+ / p{x)[\y^{x,t)\P-\y,{x,t)\P]dx 

Jx^{t) 



< pix^t)) / [\y,{x,t)\^-\y2{x,mdx. 
Jo 

So, 

ripix)-e)[\y,ix,t)\P-\y2ix,t)\'']dx < [p(x_(t)) - e)] F [\y,{x,t)\P - \y2{x,t)\P]dx. (11) 
Jo Jo 

The normalization condition J^[tp{x) + (1 — t)e]\yn{x,t)\Pdx = 1 gives 

\\y,{x,t)\^-\y2{x,t)ndx = - r[p{x)-e]{\y2{x,t)\^-\y,{x,t)ndx. (12) 



'0 ^ ^0 

So, by ffTTl) . we obtain 

^p(x_(t))t 



+ (l-t)] / [p{x)-e]{\yi{x,t)\P-\y2{x,t)ndx<0. 
t Jo 

Since < t < 1, this implies that 

[p(x)-e]i\y,ix,t)f - \y2ix,t)ndx < 0, (13) 



from which it follows that 



^[#t]<0 for 0<t<l. 



Finally, by the continuity of eigenvalues, we obtain 



/i2[p] _ /i2(l) ^ /i2(0) ^ Me} ^ 2P 



/xi[p] /ii(l) pi(0) pi[e 

M2(i) 

from (in]) that 



The equality occurs only if is a constant. In this case, the equality holds in (fT3ll . and it follows 



p(x)(|yi(x,t)r-|y2(a;,t)nrfx= / (|yi(a;,t)r-|y2(x,t)nrfx = 0. 

Jo 

This together with (fTTj) implies that p(x) is a constant a.e.. □ 
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Remark: 



(i) In Theorem 1.1, if we replace 'single- well' by 'single-barrier', the method fails because the 
inequality in Lemma 2.3 is the same. Thus the case for 'single-barrier' potential is still 
unknown. 

(ii) In Theorem 1.2(a), if the condition 'single-barrier' is replaced by 'single-well', our proof can 
not work because the inequality in Lemma 2.4 remains the same. Thus the case for 'single-well' 
densities of p-Laplacian is still open. 

(iii) In Theorem 1.2(b), if the condition 'symmetric single- well' is replaced by 'symmetric single- 
barrier', then the equality is reversed. 

4 Appendix 

Proof of Lemma \2.2[ In the following computation, we drop the suffix for convenience. Denote 
ij = Differentiating ([1]) with respect to t, we have 



{p - 2)y'{x, tf^-'H'{x, t)y"{x, t) + \y'{x, t) r'y"{x, t) 
+ (A(t)p(x, t) + X{t)p{x, t) - q{x, t)) y{x, t)'^'^'''> 
+ ip-l)iXit)pix,t)-qix)Mx,t)r^yix,t) = . 



Multiplying it by y{x.t) and by ([T]), we have that 




((p-2)y'(x,t)(^-3)/(x,t)y'(x,t) + \y\x^)r^y"{x,t)) y{x,t) - {y'{x,tY^~'^yy{x,t) , 
{\y'{x,t)r'y'{x,t)yy{x,t) - (y'(x, t)(^-i))'y(a;, t) , 



I -II . 



(14) 



Since 



/ 

Jo 



I 



y'{x,t)r'y'{x,tMx,t)\ 



IT 







/ 



y'{x,t)\P-^'{x,t)y\x,t)dx , 
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and 



/ 

Jo 



II 




j 

Jo 



-IT 



y'{x,t)\P '^y'{x,t)y'{x,t)dx , 



after integrating ( fl^ over [0, vr] with respect to x, it follows from p\y\Pdx = 1 that 



/ 

^0 



■TT 



\(t)p{x,t)\y{x,t)\^dx + / q{x,t)\y{x,t)\^dx . 







Let A = A„. The proof is complete. 



□ 
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